ABSTRACT This paper addresses the distributed adaptive affine formation protocol design problem for the heterogeneous leader-follower-type linear networked systems, in which the interaction graph is directed. Compared with the existing methods, the affine formation control has the superiority to tackle the motion constraints of the target formation based on the affine transformation in the arbitrary dimensional space. This transformation has the property of acting as a linear transformation, and the complexity of formation controllers can be reduced. Only the partial information of the graph can be acquired by the agents, and the adaptive algorithms are adopted to find the corresponding bounds of the control gains. By introducing the additive functions for both proportional and integral terms, a distributed adaptive proportional-integraltype control algorithm of achieving the affine formation is presented. This distributed control scheme can eliminate the steady-state errors based only on the relative states of neighboring agents. The corresponding numerical simulations are carried out to verify the theoretical results; numerous types of formation patterns can be obtained.
I. INTRODUCTION
In recent years, consensus and containment-based formation control methods have aroused more attractions from the field of multi-agent systems (MASs). The consensus problem is a sufficiently studied topic in the cooperative control of MASs, which can be described to design a control scheme to drive all agents to achieve an agreement in states [1] , [2] . It plays an important role of theoretical fundamentals for the formation control [3] - [6] . As an extension, the containment control approach deals with the problem of maneuvering the mobile followers into a particular area expanded by the leaders [7] , [8] , which provides the solution for the formation control in the presence of multiple leaders [9] - [11] . The realworld environment needs the networked agents to be heterogeneous to adapt to various structure configurations, profile shapes, and load capabilities. For the reasons given above,
The associate editor coordinating the review of this manuscript and approving it for publication was Zhihua Qu. the heterogeneous dynamic models of agents have been paid sufficient attention in both theory and engineering. Following this tendency, we utilize the heterogeneous dynamics of agents as the research subjects and make the proposed algorithms adapted closely to the practical applications.
In this paper, we mainly focus on the formation control problem of MASs with heterogeneous dynamics. There are many existing heterogeneous formation control solutions in current research findings. Among them, the type of leaderfollowing structure occupies an important position, because it is convenient to implement for mobile ground vehicles and unmanned aerial vehicles [12] - [15] . The case of timevarying formation control for heterogeneous unmanned aerial vehicles (UAVs) and unmanned ground vehicles (UGVs) is studied in [12] . A Lyapunov based controller is adopted to realize a rigid formation, but this control approach is decentralized and not distributed. In [13] , the distributed formation control problems of heterogeneous MASs with time delays under switching topologies is tackled. Although the virtual leader is nonstatic, the whole formation shape cannot change dynamically. The mixed-order MASs can be driven by the optimally distributed formation controller proposed in [14] to achieve a formation consistency with obstacle avoidance. Similarly, the formation shape acquires the consensus merely and cannot realize the deformation. In [15] , the practical time-varying formation tracking problem for multiple nonholonomic mobile robot systems is settled. Based on the distributed extended state observers, only the neighboring relative information is utilized for estimating both the state and the unknown input of the heterogeneous leader. However, only the condition of one leader is considered, the problem would be complex in the presence of multiple leaders. Besides, there exist some methods in light of special networks like the directed acyclic graph in [16] whereas other papers pay attention to the algorithm modification, i.e., robust discrete output regulation control in [17] . Most of the works mentioned above need the global information of the interaction networks or special graphical conditions, while [18] gives a useful inspiration for applying adaptive algorithms to acquire control parameters. Especially, in [18] the network is generally directed, and the required signals are only the local information of each agent and its neighboring agents. Moreover, traditional control methods are mainly based on the proportional (P)-type control schemes, and their deficiencies of steady-state errors have been gradually revealed by considering the convergence states of leaders. Motivated by [19] and [20] , the proportional-integral (PI)-type algorithms can be adopted to eliminate these errors by introducing the integral actions. Reference [21] proposes a PI-type consensus control scheme for leader-follower type heterogeneous MASs firstly. Then [22] modifies the prior control law to be a fully adaptive mode without global eigenvalue information of the graph in advance. In this paper, we develop an adaptive PI-type controller to solve the formation control problem of heterogeneous MASs with only partial graphical information. Consider the spatial geometry, the affine transformation has advantages of converting various geometric distortions, i.e., a translation, rotation, scale or their compositions, to be a linear transformation in the arbitrary dimensional space. Several examples are shown in Fig. 1 . With these superiorities, a novel formation control approach is firstly defined in [23] . In the networked MASs, the designed control structure will become more complicated if imposing more motion constraints on the target formation. By analyzing previous works [24] - [26] , many methods are proposed to compensate for these limitations. However, these methods can neither achieve the translational, rotational and scaling formation patterns simultaneously nor only be confined in the plane. To overcome these drawbacks, [27] designs the formation maneuver protocols for different integrator models, but the directed graphical condition has not been settled yet. In the sequel, our paper [28] provides the directed graphical conditions for the simple single-integrator agents; However, it does not consider the linear agent models. In this paper, we pay attention to addressing the control problem on the more general cases of linear dynamic models.
Inspired by the analysis aforementioned, we will deal with the distributed adaptive affine formation control topic for the heterogeneous MASs over directed networks. By comparison with the existing literature, this paper includes the following contributions:
i. A novel affine formation control approach for linear MASs based on the directed graphs is proposed. The existing work [27] only considers the undirected topology, we relax the graphical condition of the widely used directed networks based on the signed Laplacian matrix. Besides, compared with our previous work [28] of single integrator models, more general linear dynamics are considered for extending the real-world applications. ii. The inherent mechanism of heterogeneity in the networks is considered, and we deal with heterogeneous leader-following linear agents to achieve various affinely transformed formation patterns in this paper. It should be mentioned that the linear dynamics of the leaders are Hurwitz for the intention of convergence, while these linear models of the followers can be arbitrary. The proposed affine formation control strategy for heterogeneous agents can be used to formulate many formation patterns by setting the required final convergence states of leaders. iii. Assume that only partial information of the graph is available, a distributed PI-type adaptive control algorithm is proposed using only the partial graphical information, by which the steady-state errors induced by the convergence states of leaders can be removed successfully. Meanwhile, this scheme is designed with more flexibility by introducing additive functions for both proportional and integral terms. The rest of this paper is organized as follows. In Section II, the problem statement and the corresponding graphical condition of the affine localizability are given. The main results are shown in Sections III, where the distributed adaptive affine formation protocol for the heterogeneous networked agents is proposed and verified. In Section IV, simulations and corresponding results are provided, and the conclusion is drawn in Section V. VOLUME 7, 2019 Notations: Throughout this paper, R represents the set of real numbers respectively, ⊗ is used to be the Kronecker product. Let I n denote the n-dimensional identity matrix, and 1 n stands for a n-dimensional vector of ones. Set · as the 2-norm of a vector or a matrix. Define diag(x 1 , x 2 , · · · , x n ) be a diagonal matrix, where x 1 , x 2 , · · · , x n are diagonal entries. λ max (·) and λ min (·) denote the maximum and minimum eigenvalues of a matrix, and σ max (·) and σ min (·) are the maximum and minimum singularities of a matrix respectively.
II. PROBLEM STATEMENT AND AFFINE LOCALIZABILITY
In this paper, we consider a network of V = {1, 2, . . . , N } heterogeneous mobile agents in the n-dimensional space with n ≥ 2. Let the first N agents as the leaders and the rest N f = N − N agents as the followers. The leaders' subset can be represented as V = {1, 2, . . . , N } and the followers' subset is V f = V\V . We describe the heterogeneous dynamics of the leader i ∈ V aṡ
where x i (t) ∈ R n is the position of ith leader, A 0 i ∈ R n×n represents the dynamic matrix, and b 0 i ∈ R n is a constant vector. Meanwhile, these heterogeneous dynamic models of the follower i ∈ V f can be denoted aṡ
where x i (t) ∈ R n is the position of the ith follower, u i (t) ∈ R m represents the control input vector, and A i ∈ R n×n , B i ∈ R n×m denote the dynamic matrix and control input matrix respectively. Assumption 1: For the leaders, the dynamic matrices A 0 i are Hurwitz and can be heterogeneous, and the vectors b 0 i are constant and heterogeneous.
These agents communicate with each other via a directed graph G. The leaders do not interact with the following agents, and do not need to access the information from these followers. Consider a directed graph G = (V, E) consists of a node set V = {1, 2, . . . , N } and an edge set E ⊆ V × V. There exists a directed arc (j, i) ∈ E, where the node v j represents the tail (the point the arrow starts) of the edge, while the node v i is its head. The node v j denotes the in-neighbor of v i , and the converse is called out-neighbor. Denote N i as the in-neighbor set of node v i , where N i = {j : (j, i) ∈ E}. Throughout this paper, we assume that a directed graph is a fixed topology.
In a directed graph G, a path is an alternating sequence of node v i and edge e i = (v i , v i+1 ), and these nodes in the sequence are different. In a directed graph G, a node v is set as κ-reachable (κ ≥ 2) from a nonsingleton set U of nodes when there is a path from a node in U to v after deleting any κ − 1 nodes except v. A directed graph G is κ-rooted if there exists a subset of κ nodes (roots), from which every other node is κ-reachable. For a directed graph G = (V, E), a spanning κ-tree rooted at R = {r 1 , r 2 , . . . , r κ } ⊂ V is a spanning subgraph T = (V,Ē ⊂ E) that satisfies: 1) Every node r ∈ R has no inneighbor; 2) Every node v / ∈ R has κ in-neighbors; 3) Every node v / ∈ R is κ-reachable form R. Fig.2 shows the examples of κ-reachable, in Fig.2 (a) both of the nodes v 1 and v 2 are 2-reachable form the set U = {u 1 , u 2 }, and U can act as the root set R. However, in Fig.2 (b) the node v 2 is not 2-reachable form set U after removing v 1 . The directed graph in Fig.2 (a) is 2-rooted, and it also has a spanning 2-tree.
In the sequel, we introduce a special Laplacian matrix named signed Laplacian matrix. A signed Laplacian matrix L s refers to a Laplacian matrix associated to a graph with both positive and negative real off-diagonal entries. The matrix L s of a directed graph is defined as
where ω ij ∈ R may be a positive or negative real weight attributed on the edge (j, i), and L s is normally an asymmetric matrix. Let L s ∈ R N ×N as the associated signed Laplacian matrix to the directed graph G, which can be expressed as the following blocks
where L s ff ∈ R N f ×N f is the corresponding interaction graph among the followers, and L s f ∈ R N f ×N is the interaction graph from the leaders to the followers.
Since x i ∈ R n denotes the position of the ith agent, then the whole group of N agents' positions
T , and those of fol-
T respectively, thus we represent the whole group of agents as x = [x T , x T f ] T . By associating the configuration x with the interaction topology G, we can define it as a formation (G, x). Then, we introduce a so-called nominal formation (G, r),
T is the configuration matrix of the nominal configuration. An affine image of the nominal configuration can be denoted as
where the tuple (A, b) represents the affine transformation.
Network localizability and distributed protocols are regarded as two fundamental problems for a networked multi-agent formation task. Network localizability identifies whether or not a network can be possibly localized given the leader locations and inter-neighbor relative information. Based on network localizability and affine transformation, we introduce a term named affine localizability. Then, originated from [27, Definitions 1 and 2], we can give the following definitions.
Definition 1: The nominal formation (G, r) is said to be affinely localizable if both of the following conditions are satisfied:
, where A(t) ∈ R n×n and b(t) ∈ R n are continuous with respect to t and may be constant or time-varying, x(t) is in A(r) for all t when the target can be tracked successfully.
Based on the definition of the affine localizability, a term of affine span S of the given position set {x i } N i=1 of N agents in R n needs to be defined.
Definition 3: The affine space is
where the obtained linear space has the same dimension as the affine span. If these scalars {a i } N i=1 with nonzero ones make that In the sequel, we cite [28, Th. 1] to represent the sufficient and necessary condition of the affine localizability.
Theorem 1: If the given nominal formation (G, r) of N agents satisfies {r i } i∈V has n-dimensional affine span, then the affine localizability of the given nominal formation (G, r) of N agents can be achieved if and only if the leaders' subset V has n + 1 leaders and every follower in V f is (n + 1)-reachable from V .
From Theorem 1, it implies the position relation between the leaders and followers can be represented as
To make the affine localizability of a leader-following type multi-agent system clear, then we demonstrate the following examples as shown in Fig. 3 according to Fig. 1 , three colored circles 1, 2, 3 denote the leaders and one blank circle 4 represents the follower. As can be seen from these examples, there are three leaders in R 2 precisely, and the follower 4 can 3-reachable from the leaders' subset V = {1, 2, 3}. Thus the position of one follower can be affinely localizable by the positions of three leaders.
Assumption 2: The given nominal formation (G, r) can achieve the affine localizability. Assumption 2 needs that there exists n + 1 leaders in the leaders' subset V , and each follower is (n + 1)-reachable from V . It implies an important mathematical premise: The block of the signed Laplacian L s ff is nonsingular. However, the eigenvalues of L s ff may locate in the left-half complex plane. It is necessary to find a transformation approach f (·) to move the eigenvalues of L s out of the left complex plane. In this paper, suppose that the leaders can acquire the desired positions x (t) = x * (t) as t → ∞. After being transformed, the corresponding matrices becomeL
. Then, we can obtain the desired positions of the followers as
Here, we define the affine formation error ξ i (t) of the follower for i ∈ V f as
where
With partial information of the network, the objective of this paper is to design distributed controllers based on local information of each agent and its neighbors to drive the followers (2) to achieve zero affine formation errors, i.e., lim t→∞ ξ f (t) = 0.
Remark 1: The Hurwitz condition in Assumption 1 ensures that the states of leaders can asymptotically converge to the desired vectors b 0 i , which is similar to the assumption in [20] that the sum of the agents' dynamic matrices is Hurwitz. Meanwhile, b 0 i play a role in formulating the prescribed target formation shape of the leaders, rather than that depending on unknown constant disturbances as in [19] and [20] .
III. DISTRIBUTED ADAPTIVE CONTROL LAW DESIGN
Before moving on, we define an intermediate state
ω ij x i (t) − x j (t) . The constant d i is a diagonal element of stabilizing matrix D, which will be declared in the following part. Motived by the multiplex PI-type control structure VOLUME 7, 2019 proposed in [20] and only using the relative position informations of neighboring agents, we propose the following PI-type affine formation protocol for the followers
where k I and ψ i are positive constants, 
From (10), the integral state can be replaced by
The closed-loop error dynamics of (2) under proposed control law (10) can be expressed aṡ
where Proof: Consider the following Lyapunov function
I n(N −N ) with the smallest eigenvalue λ 0 of GL s ff +L sT ff G, the scale α =
, additionally,
for leader i ∈ V are the solutions of the Lyapunov equations
where the dynamic matrices A 0 i for the leaders are stable, the equation of (14) has a unique positive definite solution Q i . It can be verified that the first matrix in (13) 
By reorganizing (13), we can obtain that
Taking the time derivative of V along the trajectories of (12), one haṡ
By analyzing the first partV 1 of (16), we can obtain thaṫ
Based on the properties of Young's inequality, we can separate (17) into following inequalities
In the sequel, the second partV 2 of (16) can be derived aṡ
According to the matrix norm properties, the first equality of (20) has
Based on Young's inequality, the rest equalities of (20) can be tackled as
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and
In the sequel, we set the second partV 3 of (16) aṡ
Finally, combining the three parts (17), (20) and (27) of (16) yieldṡ
Therefore, V (t) is bounded and only if ζ f = 0 leads tȯ V 1 = 0. With the Barbalat's Lemma, we can conclude that lim t→∞ ζ f (t) = 0, and then the affine formation errors ξ f (t) can asymptomatically converge to zeros. Then, if the affine formation errors can converge to zeros, the time derivatives of integral states and adaptive gains asż i (t) andḣ i (t) in the control protocol (10) can converge to zeros. Since the integral states z i (t) and adaptive gains h i (t) are bounded, h i (t) can converge to finite steady-state values. Here the proof of Theorem 2 completes.
Remark 2: Assumption 3 needs the full row rank of B i for all the heterogeneous followers i ∈ V f . Commonly, the requirement of B i is of full column rank. This full row rank condition of B i is strict, and it is because K i = B T i (B i B T i ) −1 needs the invertibility of B i B T i . Otherwise, the adaptive protocol (10) would result in nonlinear closed-loop network dynamics. The full row rank condition means the redundancy of system inputs actually, the models can be suitable for some jet airplanes with various redundant actuators like flying wings. Additionally, some researchers set all the input matrices B i as identity matrices I . For any kind of general linear dynamic models, A i and B i need to satisfy some restricted structure requirements and then the corresponding control laws u i can be designed, under these circumstances the adaptive affine formation problem is still open and hard to tackle nowadays.
Remark 3: The integral states z i have an important effect on eliminating the steady-state errors. Larger k I and h i would result in faster convergence but larger overshoot of control inputs. Similar to the proposed adaptive control law (10), the traditional PI-type control scheme for the followers
where k P and k I are positive control gains. The calculation of k P and k I needs the global information of the network, which guarantees the convergence of the affine formation errors but it is not fully distributed.
Remark 4:
Compared with the adaptive protocol (31) in [31] that needs the graph between the followers is undirected, with the properties of M -matrix the control law (10) in this paper can be applied to general directed graphs. Meanwhile, different from the adaptive scheme (5) in [18] that utilizes the multiplicative functions, the method in this paper modifies it to be the additive functions and improves the flexibility of the design procedure.
IV. NUMERICAL SIMULATIONS
In this section, numerical simulations are carried out to verify the efficiency of the theoretical results. There exists a three-dimensional nominal formation (G, r) of 9 heterogeneous agents with the configuration matrix P(r) in R 3 as shown in Fig. 4 and A 9 is oscillatory. In addition, for i ∈ V f we set u i ∈ R 3 and B i to be I 3 , and they satisfy the condition of full row rank. In Fig. 4 , the leader number meets 4 = n + 1 and the directed interaction graph G is 4-reachable. If a given nominal formation (G, r) satisfies Assumption 2, then from Theorem 1, it implies that a signed Laplacian L s with every weight ω ij exists. This L s satisfies det(L s ff ) = 0 and rank(L s ) = 5 because the directed graph G satisfies every following agent of V f is 4-reachable from the leaders' set V with 4 leaders. The given nominal configuration is r = [r T 1 , · · · , r T 9 ] T , and (L s ⊗ I 3 )r = 0. Then the off-diagonal weight ω ij can be computed by
VOLUME 7, 2019 Since the directed graph G has spanning 4-tree, and with the definition of spanning κ-tree, there are 4 in-neighbors exactly, which infers that (30) must have a solution and can be solved by linear programming efficiently. Then use L s 1 9 = 0 such that all of these diagonal entries of L s can be calculated. Till now the whole entries of L s can be found and the solution of L s is not unique. It should be noted that the existence of the stabilizing matrix D is assured by [29, Th. 1] . The rank of the obtain signed Laplacian L s satisfies 5, and then using Algorithm 1 we can obtain that the diagonal stabilizing matrix is D = diag (1, 1, 1, 1, 1, 1, 1, −1, 1) . This algorithm of calculation D is only using the information of L s ff . 
Especially, by carrying out numerous tests, we find that d i can be selected from the set {−1, 1}, if
positive, then d i can be −1, otherwise d i can be 1. Although no mathematical proof has been found, using this method can make our proposed control laws fully distributed. 
The dynamics of the followers are described as (2) . It can be found K i = I 3 , and we choose k I = 1, ψ i = 0.02, and h i (0) = 1 for the PI-type protocol (10) . Randomly placing the initial positions for these agents, in Fig. 5 (a) it shows these 9 agents can successfully achieve the required target formation shape, where 4 leaders with colored markers converge into predesignedb 0 and these 5 followers with hollowed markers track these trajectories generated by the leaders to the corresponding terminal locations. From Fig. 5(b)-5(d) , under (10) the affine formation errors on the three dimensional axes can quickly return to zeros. Meanwhile, as shown in 5(e), these adaptive gains h i converge to some finite steady-state values respectively.
To demonstrate the ability of the affine formation control as shown in Fig. 1 , the enlarging, rotating and shearing vectorŝ b 0 are demonstrated in Figs. 6(a)-6(c) respectively. Also, we redesignb 0 to be a target formation combining a shear, a rotation, and a scale, and the resulting formation pattern is shown in Fig. 6(d) . If a coplanar vectorb 0 is picked, then the condition of coplanarity happens at the time of achieving formation as shown in Fig. 6(e) .
V. CONCLUSION
In this paper, we tackle the distributed affine formation control problem for heterogeneous linear networked agents.
A distributed adaptive PI-type control scheme is proposed relied on the relative information of neighboring agents, and only the partial graphical information is required. The proposed method has the merits of relaxing the motion constraints on target formation, diminishing the steady-state errors of the leaders and describing the graphical conditions with more generalized directed graphs. Also, simulation results illustrate the effectiveness of our proposed formation control method. For the future works, we will extend this approach to fit for the formation maneuver control problem with time-varying references of leaders. 
